MASS CRYSTALLIZATION WITH ALLOWANCE FOR FLUCTUATIONS OF CRYSTAL GROWTH RATE
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1. Methods for the mechanics of multiphase heterogeneous systems [1-4] are currently
widely used to describe mathematically processes involved in the mass crystallization of sub-
stances for solutions and the gas phase. The method of spatial averaging [4] was used to ob-
tain an equation for the crystal-size distribution function. One of the important character-
istics of mass crystallization here is the rate of crystal growth v, which depends on the
hydrodynamic situation in the reactor, the crystal size r, and the supersaturation of the car-
rier phase s. Three laws of crystal growth have been used most widely in practice: the kinet~-
ic regime, in which the rate v is a function only of the supersaturation, v = ¥(s); the dif-
fusive regime, in which v = ¥(s)/r; the growth regime v = (a + br)y(s) (g and b are con-—
stants) [4-6]. Experimental study of the growth of fixed crystals in a supersaturated solu-
tion has shown that their growth rate fluctuates broadly for the mean [7]. Growth rate flue-
tuations are taken into consideration by the introduction of a diffusion term into the equa-
tion for the density of the particle-size distribution function f(t, r) [4-6]:
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where t is time; D, is the particle-growth-rate fluctuation factor. Equation (1.1) must be
augmented by the initial and boundary conditions

flimo = BO; (1.2)

9
D, ot g =T F a0 (1.3)

which determine the initial distribution of the particles according to size B(r) and the rate
of formation of new crystallization centers J. Due to the smallness of the nuclei ro, we
will assume ro = 0. It should be noted that in [4~6] nucleation is described as a volume
source in the form of a Dirac delta function in the initial equation. This is essentially
equivalent to boundary condition (1.3).

A common approach to solving such problems is changing over to moment equations {5, 6,
8], the more so because in practice one is often most interested in the integral characteris-
tics of the function f£f(t, r) which describe the change in the mean size, surface, and mass
of the crystals over time. However, direct application of the moment approach to Eq. {(1.1)
with a constant value of the coefficient D, requires determination of the unknown value of
f(t, 0). In the moment approach in [6], it was assumed that £(t, 0) = 0 in addition to the
two natural boundary conditions (1.3). This situation can be avoided in the following man-
ner.

2. We reduce Eq. (1.1), with conditions (1.2), (1.3), to a system of integral and differ-
ential equations generalizing the familiar Todes relations [8]. We will assume that the crys-—
tals grow in the kinetic regime and that D, = const # 0. Having made the following substitu-
tion in problem (1.1)-(1.3)

© = D2, 9ls) = Y()/D,, J, = JID; (2.1)
and having subjected it to a Fourier transform with the kernel exp(ivr), we find
dz/dv 4+ vz — ivez = J; + ivf(z, 0); (2.2)
2leo = | B()exp(ivr)dr=8, (2.3)
0

where
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z= Sf(r, r)exp (ivr)dr, i=} —1.
0

The solution of Eq. (2.2), with condition (2.3), has the form

z= {Bl + [ (0 + v/ (2,0)) exp [viE — ivl B)] ds} exp [ivl (1) — vi1l, (2.4)

where the function 7 is given by the equation and initial conditions

di/dv = ¢(s), 1(0) = 0, (2.5)

It is easy to see that the function f is determined by the formula

fzniRealSzexp(——ivr)dv. (2.6)
0

Having integrated (2.6) with allowance for (2.4), we obtain an expression for the distribu-
tion function
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With r approaching zero in (2.7), we obtain an equation for f£(t, 0):
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Having calculated the third initial moment M; of the function f, determining the mass of the
particles and connected with supersaturation s by the equation

s = q(Q — My) (2.9

(g and Q are constants), we obtain the equation
My= [ rear = 1 () {0 — 1 ®P —
6w — @I E—ydt+3 [ 1€ 0 (U@ — (2.10)
0
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Thus, the unknown functions f(t, 0), Ms(t), I(1) are determined by solving system (2.5), (2.8)-
(2.10). After this system is solved, the sought function f is found from Eq. (2.7). If in Egs.
(2.5), (2.8)—(2.10) we pass to the limit with D, + 0, we obtain the familiar relations in [81.

It is generally very difficult to find an analytical solution for system (2.5), (2.8)-
(2.10). Nevertheless, Eq. (1.1) allows a broad set of exact solutions which may prove suffi-
cient to obtain an approximate solution to practical problems.
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3. We will seek to solve Eq. (1.1) in the form
f=2 Q/(t)exp(— ), A; = const> 0. (3.1)
i=1

Inserting Eq. (3.1) into (1.1) and equating to zero the functions dependent on T with
each multiplier exp(—Air), we obtain

p ;
2 Dol +41]Qi=0, 1=12... G-
We calculate the third moment of the function f:
My=23 Q:i(x) [ exp (=) dr =63 QuAL (3.3)
i=1 0 i=1

We take one equation, such as the first, from system (3.2) and write it in the form

A, dQ;  A; dQ,

______ s — 3.4)

BT o = Mk (= ). (
Having integrated system (3.4), we find

Qi = €0t exp[hihy (As — Ay 1, (3.5)

where C4 are constants of integration. Thus, we have determined the relationship between all
of the functions Qi and the single function Q,. With allowance for (3.5), the expression of
(3.3) takes the form

My=6 gl Ci™MOl™ exp i (b — ADVAL (3.6)

Inserting (3.6) into (2.9), we determine the relation s(Q,). Having integrated the first equa-
tion of system (3.2), we find

v={ Mo 15 Q0] + 1270740, (3.7)
Equations (3.7) and (3.5) determine the sought funcfions Q; in an expansion of (3.1).

Solutions of the form (3.1) can be used as test solutions in realizing different numeri-
cal and approximate algorithms for solving problems not included in the family (3.1). Also, by
using several functions from the set (3.1) and varying the constants Aj and Qi, it is possible
to approximate initial and boundary conditions and thereby obtain approximate solutions to
more complex problems. It should be noted that, besides discrete terms of the form Qs (1)

b
exp(—\jr), it is possible to use a continuous distribution of the form yexp(——Ar)QﬁCﬂdk. How~
a
ever, if we are concerned with approximating an exact solution, the discrete terms will be
quite sufficient in view of the fact that the function B(r) is practically nontrivial only in
a finite interval.

Equations (3.2) show that if Qi > O at the initial moment of time, then Qi will subse-
quently increase, and a steady-state solution to the problem (with T->=) will be possible if
the function @ (s) becomes negative, i.e., if in the final stage of the process the crystals grow
only as a result of fluctuations in growth rate and dissolve as a result of the convective

term in (1.1). The concentration of the carrier phase becomes less than the equilibrium value,
i.e., supersaturation will be negative.

The mechanism of the dependence of Dy on the parameters of the process has been studied
little. 1In [6] the coefficient Dy was related to the rate of turbulent mixing in processing
units, while in [5] the relation Dy = Dor®(s) was used. The latter formula leads to a zero
value of the coefficient Dy with zero supersaturation and, thus, in the limit T + < no tran-
sition to negative supersaturation occurs. A constant value of D, evidently cannot serve
as a good approximation for the entire durationof the process and must be corrected as s - 0.

4. In connection with the foregoing, we will examine the process of mass crystallization,
having followed an approach similar to [5] and taken

D, = Dgo(s), vs, 1) = (a + br)g(s). (4.1)

Here, Eq. (1.1) and auxiliary conditions (1.2)~(1.3) take the following form, with allowance for
(2.5)



g+g—r[(a+br)f]=00(%(rg£); (4.2)
10, r) = B(r); (4.3)
f’r=o = F(s)/a, flr—;oo - 01, (4'4)

where F(s) = J(s)/¢(s) is the supersaturation function. Formulation of the complete problem

requires determination of the relation s(7), which connects the function F with the variable

1. To determine this relation, we change over from Eq. (4.2) to a system of ordinary differ-
ential equations

dMydl = Fls(M,)), dM,/dl — nbM, = n{a 4 nD)M,—,, (4.5)
where Mn=j‘r"fdr, n=0, 1, 2, 3. System (4.5) is closed by Eq. (2.9).
0

With the condition ofa linear relation F(Ms), system (4.5) will be linear and easily
solvable by standard methods. 1In practice, the function F can often be linearized in two
or three sections and a solution can be obtained for each section. This procedure was fol-
lowed in [8] with Do = 0, b = 0. As a result of solution of system (4.5), we determine the
relation s(7) which, after substitution into boundary condition (4.4), gives the sought rela-
tion F[s(Z)], and problem (4,2)-(4.4) becomes fully stated,

We make the following substitution in (4.2)-(4.4)

h = bl, a = a/D,, x = br/D,, g = fexp h. (4.6)
With allowance for (4.6), problem (4.2)-(4.4) becomes
0g/0h = z20%g/022 + (1 — o — x)dg/dx; (4.7)
glh=o = B*(z); (4.8)
€le—=o = F(R) exp hla, g, — 0. (4.9)

We will seek to solve Eq. (4.7) in the form g = g, + g2, where g, is a particular solution of
Eq. (4.7) satisfying condition (4.8). ©Noting that Eq. (4.7) has a set of particular solutions
of the form

L7%(z) exp(— kh), k=0,1,2,...,

where Lia are Laguerre polynomials, we will seek the function g, in the form of a series
g, = 2 ApL;" (z) exp (— kh). (4.10)
B=0

Having determined the coefficients Ay in (4.10) by expansion of the function B*(x) into a
series in the polynomials LE“, we obtain

(o]

kL% (z) exp (— kh e —a‘ —— .
6= 2 e [T @ e (- D I O & (4.11)
— 0

I is a gamma function. Having changed the order of integration and summation in (4.11) and
using expressions for the generating function of Laguerre polynomials [9], we finally obtain

& =%°§(§ﬁ)"“3* ® exp (22 —t) 1a(2) 2, (4.12)
0

I_., is a modified Bessel function, m = 1 — exp h, 8 = vVxEexp(-h). Formally obtained solution
(4.12) can be substantiated by a method similar to that used in [10], for example. Thus,
problem (4.7)-(4.9) reduces to a problem relative to the function g, which is homogeneous with
respect to the variable h. The boundary condition will be as follows:

ga(h, 0) = F(h) exp hia — gy(h, 0) = F*(h). (4.13)

We will construct the solution of the above homogeneous problem in the form of the con-
volution F*(h) and gs, where gs is the particular solution of Eq. (4.7) with the auxiliary
conditions

250, z) = N&(z + 0), gu(, 0) = 0, (4.14)
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which describe the process of crystallization without nucleation on N seeds of negligibly
small size.

Subjecting Eq. (4.7) to a Laplace transform with respect to the variable h and solving
the resulting equation, we find the following expression for the mapping of the function gs:

2 = NT(p + a)G(p, 1 — a, 2)/T(1 + a), (4.15)

00

where §3==ygéexp(——hp)dp; Gis a degenerate hypergeometric function of the second kind. In-

0
verting Eq. (4.15) by means of the RiemannMellin formula and using well-known formulas link-
ing degenerate hypergeometric functions and Laguerre polynomials, we obtain

N X -
0 = Gt —a & (¢~ B Li® (2) exp (— ) (4.16)

Series (4.16) can be summed by using the expression for the generating function W of Laguerre
polynomials [9]:

Wiz y) =~y "exp (y—fﬂ’—i) = Li" (@) y" (4.17)

h=0

With allowance for (4.17), the final expression for the function g, is

N

W
g3=ar(1_a)[(xW(x,exph)+Lﬁﬁp_h)}. (4.18)

oh
Now let us proceed to the construction of the function g,, which satisfies Eq. (4.7)
and homogeneous initial and boundary condition (4.13). As before having subjected Eq. (4.7)

and condition (4.13) to the Laplace transform and having solved the resulting equation, we
find

& = F*(p)G(p, 1 — o, 2)[(p + )/T(a), (4.19)

g» and F* are the mappings of the functions g, and F*, respectively. Representing Eq. (4.19)
in the form of the product of two functions F*(p) and ogs(p)/N, we obtain an expression for
the function g, in the form of the convolution

h
gz:%jF*(h—E)gs(&x)dEo (4.20)
0

Thus, with allowance for Eqs. (4.6), the sum of Egs. (4.12) and (4.20) is the solution
of problem (4,2)-(4.4).

5. We can follow the effect of fluctuations in particle growth rate on the progress of
crystallization by comparing the solutions of Eq. (4.2) with Do # 0 and Do = 0, when the dis-
tribution function has the form of a §-function at the initial moment of time and nucleation
is absent. In the case Do # 0, the solution of Eq. (4.2) is Eq. (4.18). 1In the second case,
it is the expression

f=tNdla 4 br — aexp (bD)], (5.1)

which is easily obtained from Eq. (4.2) with Do = O by the method of characteristics, for ex-
ample, using the homogeneity property of the delta function. Figure 1 qualitatively shows
the dynamics over time of the distribution functions for these two cases. Curves 1 and 3 cor-
respond to the function (5.1) at the moments of time t, and t, (t, > t,), while curves 2 and
4 correspond to the function (4.18) for the same moments of time.

In the case Do = 0 function (5.1) moves along the r axis without distortion at a certain
variable rate determined by Eqs. (2.9) and (2.5). A finite value of D, leads to "blurring"
of the curve of distribution function (4,18). This blurring is also affected by the convec-
tive term in (4.2) due to the different rates of growth of crystals of different radii. It
should be noted that the latter mechanism was absent when Do = 0 only because of the selec~
tion of the initial distribution in the form of a delta function.

The effect of growth rate fluctuations is also manifest in a certain shift in the maxi-
mum of the curve. This effect is manifest in the present nonlinear problem in two ways: both
in Eq. (4.2), where Do is a parameter, and in Eqs. (4.5), (2.9), and (2.5), where D, affects
the deformation of time.
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Fig. 1

With an increase in the value of Dy, the degree of blurring of the distribution curves

(4.18) increases.

10.
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